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1. INTRODUCTION 
In this note, we consider extensions of a (finite combinatorial) geometry 
by the addition of a unique line. The following definition will be central to 
our discussion. 
DEFINITION 1. Let G= G(X) be a geometry and let Y be a finite set 
disjoint from X. A geometry G’ = G’(Xu Y) is an extension of G by the 
addition of the unique line Y if G’ induces the geometry G on X and 
(1) YisalineofG’, 
(2) any line I # Y in G’ which is incident with Y is connected. 
Mazzocca [6] characterizes the possible extensions of a geometry G by 
the addition of a unique line. His main tool is his characterization of when 
a geometry is a Dilworth truncation (see [S]). However, he notes that 
when r(G) = 3, it is easy to see that the extensions of G by the addition 
of a unique line correspond to partial parallel G-structures (see [6, 
Theorem 21). The purpose of this note is to show that a similar corre- 
spondence exists in general. 
We assume familiarity with the general theory of (finite combinatorial) 
geometries (see [ 11, [3], [4], and [7] ). Also, we assume familiarity with 
the correspondence between simple (single point) extensions of a geometry 
and modular cuts (which contain no point) of a geometry (see [2]). 
Mazzocca [6] gives a good review of this correspondence and we follow 
his terminology. 
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2. THE CORRESPONDENCE 
Let G = G(X) be a geometry with rank functions Y. A set of lines H which 
is a partition of the point set X is called a parallel class of G if for any two 
distinct lines I,, I, in H we have r(Z, u IL) = 3. The following proposition is 
easy to check. 
PROPOSITION. Let H be a parallel class of a geometry G = G(X) and let A 
be the family of closed sets of G such that A E A iff there exists some I E H 
with IS A. Then A is a modular cut of G which we will refer to as the 
modular cut generated by H. 
If A, B are flats in a geometry G = G(X) with rank function r, we set 
d(A, B)=r(A)+r(B)-r(AuB)-r(A nB). Note that A and B form a 
modular pair of flats iff d(A, B) = 0. Let H, J be disjoint parallel classes of 
G and let A,, A, be the modular cuts they generate. We say that H and J 
are a consistent pair of parallel classes if whenever A, BE A, A A, with 
A n B= @ we have d(A, B) 3 2. The following definition generalizes a 
definition in [6]. 
DEFINITION 2. Let G = G(X) be a geometry and let 17= (H,, . . . . Hk} 
(k> 2) be a set of pairwise consistent parallel classes. We say 17 is a 
parallel structure of G if for every line I in lJf= i Hi there exists a plane P 
such that 
(1) 1GP. 
(2) Considering P as a set of lines, P C-I Hi # @ for i = 1, 2, . . . . k. 
Let G’ = G’(Xu Y) be an extension of the geometry G = G(X) by the 
addition of the unique line Y= (y,, . . . . yk) (k3 2). Define Hi to be the set 
of lines 1 in G such that lu { yi} is a line of G’ and put 17(G’, G) = 
W 19 ...1 Hk). It is straightforward that n(G’, G) is a parallel structure of G 
and we state this result below. 
THEOREM 1. Let G’(Xu Y) be an extension of G = G(X) by the addition 
of the unique line Y. Then IT(G’, G) is a parallel structure of G. 
Next, we will prove the converse of Theorem 1 and establish a bijective 
correspondence between extensions of a geometry by the addition of a 
unique line and parallel structures of the geometry. 
THEOREM 2. Let G= G(X) be a geometry and suppose that II= 
{H,, . . . . H,} is a parallel structure of G. Then there exists a unique extension 
G’ = G’(X u Y) of G(X) by the addition of the unique line Y such that 
IT= Z7(G’, G). 
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Prooj: We prove the theorem by induction on k. Let 17= (H,, Hz) be 
a parallel structure of G and let A, be the modular cut of G generated by 
H,. Let G,(Xu yl) be the simple extension of G defined by A,. Let A2 be 
the set of flats of G, which contain at least one line of H, and let A, BE A, 
be a modular pair of flats in A,. It is easy to show that r,(A n B) 3 1. Now, 
A n B # y, , since if A n B = y, then a simple argument shows that A - yl, 
B- y, E A, and d(A - yl, B- yl) = 1 (in G), a contradiction. Thus, there 
is an x E X such that x E A n B. With this, an elementary argument shows 
that A n B contains a line in H, and thus A n B E A,. Let G’(Xu y, u y2) 
be the simple extension of G, defined by A,. Note that Y = ( y , , yz } is a 
line of G’ and any other line 1 (of G,) that intersects Y is connected. It is 
clear that G’ is the unique extension of G by the addition of a unique line 
such that ZZ= Z7(G’, G). 
Now, suppose that l7= {H,, . . . . Hk) (k > 2) is a parallel structure of G. 
We can assume inductively that there is a unique geometry Gk- ,(Xu y, u 
. . u y,_ 1) which extends G by the addition of the unique line 
fY 1, . . . . y,-,) such that 17(G,-,,G)= {H, ,..., H,-,}. 
We claim that H; = H, u { ( y , , . . . . y, ~ 1 } } is a parallel class of G, _ I. To 
see this, we need only check that for ~EH~, rk-,(lu{yl,..., ~~-~})=3. 
However, 1 is contained in a plane of G, say P, which contains a line from 
each parallel class in 17. Thus, P u { yl, . . . . yk _ 1 } is a plane of G, _ 1 and 
our claim is proved. 
Let A’ be the modular cut of GkP 1 generated by Hk and let G’(Xu y1 u 
. . u yk) be the extension of Gn-- 1 defined by A’. Note that Y = { y,, . . . . yk} 
is a line of G’ and that if I is any other line (of G’) that intersects Y then I is 
connected. It is clear that G’ is the unique extension of G by the addition of 
a unique line such that D(G’, G) = Il. Induction now completes the proof. 
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